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GK-DIMENSION OF THE LIE ALGEBRA 
OF GENERIC 2x2 MATRICES 

VESSELIN DRENSKY, PLAMEN KOSHLUKOV, GUSTAVO GRINGS 

MACHADO 


Abstract. Recently Machado and Koshlukov have computed the 
Gelfand-Kirillov dimension of the relatively free algebra F m = 
F m (var(s/ 2 (A'))) of rank m in the variety of algebras generated 
by the three-dimensional simple Lie algebra sl^K) over an infi¬ 
nite field K of characteristic different from 2. They have shown 
that GKdim(.F m ) = 3 (m — 1). The algebra F m is isomorphic to 
the Lie algebra generated by m generic 2x2 matrices. Now we 
give a new proof for GKdim(F m ) using classical results of Procesi 
and Razmyslov combined with the observation that the commuta¬ 
tor ideal of F rn is a module of the center of the associative algebra 
generated by m generic traceless 2x2 matrices. 


1. Introduction 

Let R be a (not necessarily associative) algebra generated by m el¬ 
ements ri,... ,r m over a field K and let V n be the vector subspace of 
R spanned by all products r ^ , k < n. The growth function of R 

with respect to the given system of generators is 

9R(‘n) = dim(!4), n > 0. 

The Gelfand-Kirillov dimension of R is defined as 

GKdim(R) = lirnsup log n (^(n)). 

n—too 
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It does not depend on the choice of the generators of R. See the book 
[9] for a background on GKdim. If the algebra R is graded, 

n>0 

where R^ is the homogeneous component of degree n of R, then the 
Hilbert series of R is the formal power series 

H(R,t) = J^dim (R (n) )t n . 

n> 0 

If R is generated by its homogeneous elements of first degree, then its 
growth function is 

n 

gain) = E dim (R®). 

1=0 

In the general case, if R is a graded algebra generated by a finite 
system of (homogeneous) elements of arbitrary degree, its Gelfand- 
Kirillov dimension can be expressed using again its Hilbert series as 

GKdim(/?,) = limsuplog n E d im (flffl) 

n ~*°° \i =o 

When studying varieties of K -algebras 03, all information for the m- 
generated algebras in 03 is carried by the relatively free algebra F m (SO) 
of rank m in 03. When the base field K is of characteristic 0, a lot is 
known for the Gelfand-Kirillov dimension of relatively free associative 
algebras, see the book [9], the survey article [4], or the paper HU- 
111 particular, GKdim(F m (03)) is an integer for all proper varieties of 
associative algebras. Almost nothing is known for relatively free Lie 
algebras. Using the bases of free nilpotent-by-abelian Lie algebras given 
by Shmelkin ra, it is easy to see that 

GKdim(F m (9T c 2l)) = GKdirn(L m /(L'J c+1 ) = me, 

where m > 1 and L m is the free m-generated Lie algebra. Together 
with free nilpotent Lie algebras where the Gelfand-Kirillov dimension 
is equal to 0, these are the only free polynilpotent Lie algebras of finite 
Gelfand-Kirillov dimension, see Petrogradsky [T2]. 

Recently Machado and Koshlukov HU have computed the Gelfand- 
Kirillov dimension of the relatively free algebra F rn = F m (va,r(sl 2 (K))) 
of rank m > 2 in the variety of algebras generated by the three- 
dimensional simple Lie algebra s /2 (K) over an infinite field K of charac¬ 
teristic different from 2. They have shown that GKdim(F m ) = 3(m— 1). 
Their proof is based on a careful analysis of the explicit expression of 
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the Hilbert series of F m obtained by Drensky [3j. The case nn — 2 
was handled before by Bahturin [2] who showed that GKdim(F 2 ) = 3. 
The algebra F rn is isomorphic to the Lie algebra generated by m generic 
traceless 2x2 matrices. The purpose of our paper is to give a new proof 
for GKdim(F m ) using classical results of Procesi [13] [IT] on Gelfand- 
Kirillov dimension of the algebra of generic matrices and Razmyslov 
[16J on the weak polynomial identities of matrices, combined with the 
observation that the commutator ideal of F rn is a module over the cen¬ 
ter of the associative algebra generated by m generic traceless 2x2 
matrices. We believe that the present approach is more adequate for 
generalizations for other finite dimensional simple Lie algebras than 
the approach in HU- 


2. The proof 

The following statement and its corollary are folklorely known. We 
include the proof for self-completeness of the exposition and also be¬ 
cause we were not able to find an explicit reference. 

Lemma 1. Let R be a finitely generated graded algebra with Hilbert 
series of the form 

i =1 ' 

where h(t ) G C[£] is a polynomial and the di’s are positive integers. 
Then the G elf and-Kirillov dimension of R is equal to the multiplicity 
of l as a pole ofH(R,t). 

Proof. It is sufficient to consider the case when R is not finite dimen¬ 
sional and hence its Hilbert series has a nontrivial denominator. Let d 
be the least common multiple of the degrees dj. Then 

" IM -6 .■ M * 5 §^ 

n >0 \p=l ' " ' q =0 J 

where f(t) G C[f], a pq G C, co 0 = 1,coi, ... ,C0d-i are the d-th roots of 

1, and at least one of the coefficients oik q is different from zero. Since 
ojq = 1, the sequences 

d -1 

fipn ^ ^pq^q i P 1, . . . , fc, 

g=0 
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are periodic with period d and for n large enough the coefficients a n of 
the Hilbert series H(R,t) are bounded by polynomials of degree k — 1 
in n. Hence the sequence 

n n 

E a * = E dim(.R^) 

1=0 1=0 

needed for the definition of the Gelfand-Kirillov dimension of R is 
bounded by a polynomial of degree k in n and 

GKclim (R) < k. 

The asymptotics of the coefficients a n of 
*(*,*) = /(*>+£ (£ 

is determined by /3j, n . Since a n are positive integers, we derive that 
the periodic sequence (3k n , n = 0,1, 2,..consists of nonnegative reals 
and at least one of them is positive. Since u q = 1, if u q ^ 1, then 
1 + (jj q + Ug + • • • + tCq -1 = 0. Hence 

d — 1 d— 1 d — 1 

0 < ftk.dn+l = EE a kq Ug n+l 

1=0 1=0 q = 0 

d— 1 d— 1 

^ ^ CX-kq ^ ^ doth o. 

g =0 Z =0 

Therefore a^o > 0- We consider the partial sum p dn — a 0 + Gq + • • • + 
a dn of the coefficients of the Hilbert series H(R,t). Its asymptotics is 
determined by 

dn 

nr E ck 1 ^ kc 

>' c =0 



d -1 






da 


ed+l 


kO 


e=0 


1=0 


(fc- 1)! f- 


E (^)^ 1 


e=0 


and this is a polynomial of degree k in n. Hence 


GKclim(i?) = lim sup log,, 

n—>-oo 



> lim sup log n 

n—>oo 



= lim sup log dn (p dn ) = lim sup log dn (p dn ) = k 

n—>oo n—>oo 

which, together with the opposite inequality GKdim(i?) < k, completes 
the proof. □ 
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Corollary 2. Let R be a finitely generated graded algebra and let C be 
a finitely generated graded subalgebra of the center of R such that R is 
a finitely generated C-modide. Then the G elf and-Kirillov dimension of 
R is equal to the multiplicity of 1 as a pole of H(R,t). 

Proof. By the Hilbert-Serre theorem (see e.g., ID), the Hilbert series 
of any finitely generated graded module M over a finitely generated 
graded commutative algebra C is of the form 

k 

H(M,t) = h{t ) II e C[t],di > o. 

Hence the proof follows immediately from Lemma [TJ □ 

In the sequel we assume that the base field K is of characteristic 0. 
Let 

Q km = K[Y km \ = K[y W | p, q = 1,..., k, i = 1,..., m\ 
be the algebra of polynomials in k 2 m commuting variables and let 



be m generic k x k matrices. We consider the following algebras: 

R km ~ the generic matrix algebra. This is the subalgebra generated by 
Vii - ■ ■ iVm °f the associative k x k matrix algebra M k (Ll km ) with entries 
from Q km . 

Ckm - the pure trace algebra. This is the subalgebra of Q km . generated 
by the traces of the products, tr (y ix ■ ■ ■ y it ). We embed C km in M k (Q km ) 
by f(Y km ) —> f(Y km )I k , where I k is the identity matrix. 

T km - the mixed trace algebra. This is the subalgebra of M k (fd krn ) 
generated by R km and C km . 

For a background on generic matrices see e.g., [13] or [TJ. Below we 
summarize the results we need. 

Proposition 3. Let k,m> 2. Then: 

(i) The mixed trace algebra T krn has no zero divisors; 

(ii) The pure trace algebra C km coincides with the center of T km . It 
is finitely generated and T km is a finitely generated C km -module; 

(hi) [SEES] 

GKclirn(T fcm ) = GKdirn(Ck m ) = GKdim(i? fem ) = k 2 fm — 1) + 1. 
Further, we consider the generic traceless k x k matrices 

Zi = (4?) = Vi - (Vi)h, i = 1 , ■ ■ ■, m, 

and the subalgebra W km of T km generated by Zi,... , z m , the subalgebra 
Cfal of C km generated by the traces of the products, tr(^j 1 • ■ ■ z^), and 
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the subalgebra of T km generated by W km and Ckm- Finally, let 
Lkm be the Lie subalgebra of W km generated by zi,, z m . 

Proposition 4. Let k,m> 2. Then 

(i) (Procesi [15] ) 

T km = K[tr (j/i),..., tr(y m )] ® K 

C km = K[tr(y 1 ),..., tr(j/ m )] ® K Cj®; 

(ii) (Razmyslov [16j ) 

W km = K(x u ..., x m )/ld(M k (K), sl k (K)) 

where Id (M k (K), sl k (K)) is the ideal of all weak polynomial identities 
in m variables for the pair (. M k (K), sl k (K )), i.e., the polynomials in 
the free associative algebra K(x i,..., x m ) which vanish when evaluated 
on sl k (K ) considered as a subspace in M k (K). 

(iii) (Razmyslov |16j) The Lie algebra L km is isomorphic to the rel¬ 
atively free algebra F m (va,r(sl k )(K)) in the variety of Lie algebras gen¬ 
erated by sl k (K). 

Corollary 5. For k,m> 2 

GKdim(TW) = GKdimfC®) = (k 2 - l)(m - 1). 

Proof. The algebras T km and C km satisfy the conditions of Corollary [2] 
Hence the multiplicity of 1 as a pole of the Hilbert series of T km and 
C km is equal to their Gelfand-Kirillov dimension k 2 (m — 1) + 1 (see 
Proposition [3] (iii)). Proposition [4] (i) gives that 

= H(K[ir( Vl ),...Mv m )},t)H(Tflt) = —±—H(T^t), 

Hence the multiplicity of 1 as a pole of H(T^,t) and H(C^j v t) is 
equal to (fc 2 (m — 1) + 1) — m — (k 2 — 1 ){m— 1). Both algebras T^ n and 
Cfal are finitely generated and graded. Hence the proof follows from 
Corollary [21 □ 

Now we shall summarize the information for 2 x 2 generic matrices. 

Proposition 6. Let k = 2 and m > 2. Then: 

(i) (Sibirskii [18]) The trace polynomials 

tr (yi), i = tr(^), 1 < i < j < m, 

tr(j/iij/i 2 j/i 3 ), 1 < ii < i 2 < h < m, 
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form a minimal system of generators of C 2m . 

(ii) (Procesi [T5] ) The algebras T 2 m an d W 2m coincide. The algebra 
C^rl is generated by 

ti(ziZj), 1 < i < j < m, ti(z h z h Zi 3 ), 1 < h < i 2 < i 3 < m, 
which belong to W 2m . 

(iii) (Drensky [5j) The algebra C^] is generated by 

Z}, i — 1,..., m, ZiZj + ZjZi, 1 < i < j < m, 

53 ( 2 * 1 , z i2 , Zi 3 ), 1 < i\ < i -1 < i 3 < rn, 
where _ 

s 3 (xi,x 2 ,x 3 ) = ^ sign(cr ]x a (i)X a ( 2 )X a ( 3 ) 

crGS3 

is the standard polynomial of degree 3. 

Proof. We shall present the proof of (ii) and (iii) as a consequence 
of (i). Clearly C^m is generated by tr (2*2,-), 1 < i < j < m, and 
tr(z il z l2 Zi 3 ), 1 < ii < i 2 < i 3 < m. Now the proof of (ii) and (iii) 
follows immediately from the equalities in T® 

tr(^) = 2 zj, tr(ziz 2 ) = ZiZ 2 + 2 2 2 i, 
tr(z 4 z 2 z 3 ) = 7 ^ 3 ( 21 , 22 , 23 ) 

which may be checked by direct verihcation. □ 

Lemma 7. The commutator ideal L' 2m is a C.^-module. 

Proof. The following equalities which can be verified directly hold in 
W 2m . ' 

[zi, 22)23 = -([21, Z2, z 3 , Z 3 ] ~ [[zi,z 3 \, [z 2 , 23]]), 

[21, Z 2 ]( z 3 z 4 + 2423) = i([2i, 2 2 , 23, 24] + [21, 2 2 , 2 4 , Z 3 ] 

-[[ 21 , 23 ], [ 22 , 24 ]] - [[ 2 i, 24 ], [ 22 , 23 ]]), 

2453 ( 24 , 22 , 23 ) = - ^ sign(c 7 )[ 2 4 , 2 CT (i), 2 CT ( 2 ), 2 CT ( 3 )]. 

cfGSs 

The elements of the commutator ideal are linear combinations of (left 
normed) commutators tq = [ 2 ^, z i2 ,..., z in \. If v is a generator of C 2 ^ 
then 

UiV = [z h ,z i2 ,..., 2 j n ]u = [[z h , z i 2 \v ,..., z in ] 
and the above equalities guarantee that UiV is a linear combination of 
commutators, i.e., belongs to L 2m again. Hence L 2m C 2 ®l C L 2m . □ 
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Remark 8. It is known that W 2m is a C^-module generated by 1, Zi, 
i — 1,..., m, and [zi, zf], 1 < i < j < m. Using the equality 

[Zl, Z 2 , Z3] = 2(zi(z2Z3 + Z3Z2 ) — Z2(ZiZ3 + Z3Z1)), 

as in the proof of Lemma 0 we can show that L 2m is a C'^-module 
generated by all commutators [zi,Zj\ and [z^, Zi 2 , Zi 3 ]. For m — 2, 
the commutator ideal L' 22 is a free C^-module generated by [z \, z 2 \, 
[zi,z 2 ,zi], [zi,z 2 , z 2 \, see [6]. 

The proof of the following theorem established in ini is the main 
result of our paper. 

Theorem 9. Let K be a field of characteristic 0 and let L 2 m be the Lie 
algebra generated by m generic traceless 2x2 matrices, m > 2. Then 

GKdim(L 2m ) = GKdim(F 1 m (var(sZ 2 (Ll))) = 3 (m — 1). 

Proof. Let 

H(Cit t)=J2 , H(L 2m , t) = J2 ^, H(W 2 m, t) = J] W n t U 

n> 0 n> 1 n> 1 

be the Hilbert series of C^m, L 2m , and IT 2m , respectively. Since the 
algebra L 2m is finitely generated, its Gclfand-Kirillov dimension is 

/ n 

GKdim (L 2m ) = limsuplog n ^ l k 

n ^°° \k =i 

The algebra W 2m has no zero divisors and hence [z±, z 2 ]C 2 ^l C L 2m C 
L 2m is a free G^-module. Therefore 

n —2 n n 

^2 Ck < ^2 i k - Wk5 

k= 0 fc=l k= 0 

which implies that 

3(m — 1) = GKdim(C 2 2) < GKdim(L 2m ) < GKdim(W 2m ) = 3(m —1). 

□ 

Remark 10. As in nn, the formula for the Gclfand-Kirillov dimen¬ 
sion of F m (y&r(sl 2 (K))) obtained in characteristic 0 holds also for any 
infinite held K of characteristic different from 2. 

Remark 11. In characteristic 2, the algebra sl 2 (K) is nilpotent of 
class 2 and hence F m (v&r(sl 2 (K))) is isomorphic to the free nilpotent 
of class 2 Lie algebra F m (fil t 2 ) which is finite dimensional. Therefore 
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GKdim(.F m (var(,s/ 2 (/l)))) = 0. When K is an infinite field of charac¬ 
teristic 2, a much more interesting object is the relatively free algebra 
F m (vax(M 2 (Ky - ))) of the variety generated by the 2x2 matrix algebra 
M 2 (K) considered as a Lie algebra. Vaughan-Lee [19] showed that the 
algebra M 2 (K)^ does not have a finite basis of its polynomial identi¬ 
ties. (It is easy to see that the four-dimensional Lie algebra constructed 
in pT9] is isomorphic to M 2 (KY ~\) The algebra M 2 (A')V) satisfies the 
center-by-metabclian polynomial identity 

[[[xi,x 2 ], [£ 3 , 2 : 4 ]], 3*] = 0. 

It is well known that the free center-by-metabelian Lie algebra F m ([ 2l 2 , <£]) 
over any field K is spanned by 

[ ry . ry . ry . ry . ry . ry . ry . ry . ry . ry . 

5 ^12 1 *^23 ’)•••') Jj ln\') lie'll 1 **^2 ? *^23 ? • • • ? *^2 n J 5 L^n+l ? ' X "^n+ 2 \\'> 

where i\ > i 2 < i 3 < • ■ ■ < % n and the commutators are left norrned, 
e.g., [xi,x 2 ,x 3 ] = [[xi,£ 2 ],£ 3 ]- (A basis of F m ([Z l 2 , £]) is given by 
Kuzmin [10].) Since the commutators [x ^, Xi 2 , Xi 3 ,..., Xi n ] form a basis 
of the free metabelian Lie algebra R m (21 2 ) and are linearly independent 
in F m (var(M 2 (/l)(-))), we obtain immediately that 

GKdim(F m (var(M 2 (/l) Al))) = rn, m > 1. 

In characteristic 2 there is another three-dimensional simple Lie alge¬ 
bra which is an analogue of the Lie algebra of the three-dimensional 
real vector space with the vector multiplication. It is interesting to 
see whether this algebra has a finite basis of its polynomial identities 
(probably not) and, when the field is infinite, to compute the Gelfand- 
Kirillov dimension of the corresponding relatively free algebras. 
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